The mixed phase of extremely type-II layered superconductors in perpendicular magnetic field is studied theoretically via the layered XY model with uniform frustration. A partial duality analysis is carried out in the weak-coupling limit. It consistently accounts for both intra-layer (pancake) and inter-layer (Josephson) vortex excitations. The main conclusion reached is that dislocations of the two-dimensional (2D) vortex lattices within layers drives a unique second-order melting transition at high perpendicular fields between a low-temperature superconducting phase that displays a Josephson effect and a hightemperature "normal" phase that displays no Josephson effect. The former state is best described by weakly coupled 2D vortex lattices, while the latter state is best characterized by a decoupled vortex liquid. It is further argued on the basis of the duality analysis that the second-order melting transition converts itself into a first-order one as the perpendicular field is lowered and approaches the dimensional cross-over scale. The resulting critical endpoint potentially accounts for the same phenomenon that is observed in the mixed phase of clean high-temperature superconductors.
I. Introduction
The nature of the thermodynamic phase diagram in clean high-temperature superconductors in external magnetic field has been elucidated only recently.
1 Experimental evidence for a first-order melting transition of the Abrikosov vortex lattice has been obtained from the measurement of a jump in the magnetization and from the measurement of a latent heat. 2, 3 These two quantities are found to satisfy the Clausius-Clapeyron relation, which indicates that the first-order transition is indeed thermodynamic. Although the existence of such a melting transition was expected on theoretical grounds due to the extreme type-II and anisotropic character of high-temperature superconductors, 4 the multi-critical phenomenon exhibited by the associated phase diagram for the mixed phase was not. In particular, the first-order melting line begins at (or near) the zero-field transition, but it ends strangely in the middle of the field versus temperature (T -H ⊥ ) plane. The critical end point, furthermore, coincides (or is near) a multi-critical point, from which a nearly field-independent "vertical" depinning line of the vortex lattice begins at higher fields.
5,6
A weakly temperature-dependent "horizontal" second-peak line also continues on from the multi-critical point to lower temperatures. Bulk pinning becomes appreciably stronger at fields above this line.
7
The first-order melting observed in clean high-temperature superconductors is commonly interpreted theoretically in terms of elastic medium descriptions of the vortex lattice. 4 The melting point in such theories is usually determined by the Lindemann criterion, however, which cannot predict the nature of the transition. In other words, the theory is compatible with either a first-order, a second-order, or even a cross-over transition. Elastic medium theory has also been used to describe the mixed phase of layered superconductors in particular. 8 A first-order decoupling transition is predicted to occur in the extreme type-II limit, beyond which absolutely no Josephson coupling remains in between the layers. 9 A subsequent high-temperature analysis of the anisotropic XY model with uniform frustration has demonstrated, however, that a small degree of local
Josephson coupling must survive the decoupling transition. 10, 11 Last, it is important to remark that most elastic medium calculations to date have been performed in the gaussian approximation. 4 They therefore neglect important topological excitations of the vortex lattice, such as dislocations, that can drive the melting transition.
12,13
Other more numerical approaches to the theoretical description of the mixed phase in clean high-temperature superconductors have succeeded in obtaining a clear first-order melting transition. These include Monte-Carlo simulations of both the frustrated XY model 14, 15 and of Ginzburg-Landau theory. 16 The former simulations are plagued, however, by equilibration problems at low temperatures due to the artificial pinning caused by the underlying XY model lattice. 11 The latter simulations of Ginzburg-Landau theory, on the other hand, are performed in the lowest-Landau-level approximation. This approximation is in principle valid only in the vicinity of the mean-field H c2 transition, which remains far from the vortex-lattice melting line observed experimentally in high-temperature superconductors because of anisotropy.
2,3
In this paper, we shall develop a theory for decoupling in the mixed phase of extreme type-II layered superconductors that is based on an analysis of the corresponding layered XY model with uniform frustration. The analysis is effected through a partial duality transformation that leads to a useful neutral Coulomb-gas (CG) description for the Josephson coupling. 17−20 Unlike some of the Coulomb-gas analyzes of the layered XY model that have been performed in the past, 21−24 both gaussian and topological excitations of the vortex lattice within layers are consistently accounted for in this approach.
This consistency is responsible for the primary result of the paper, which is that there exists a unique second-order transition in the weak-coupling limit that separates a coupled superconducting phase at low temperature from a decoupled "normal" state at high temperature. In the context of the mixed phase, the weak-coupling limit is reached at field components perpendicular to the layers that are large compared to the dimensional cross-over scale B * ⊥ = Φ 0 /Λ 2 0 (see Fig. 1 ). Here, Λ 0 denotes the Josephson penetration length. Note that the criterion used throughout to discriminate between a coupled and a decoupled state is the presence or absence of a macroscopic Josephson effect, respectively.
The above result implies that neither the Friedel scenario, 4, 25 which is a state composed of decoupled superconducting layers, nor a "line-liquid" state, 14, 24, 26 which we define here as a set of normal layers in external magnetic field that exhibit a Josephson effect, are likely to be thermodynamic states in the mixed phase of extreme type-II layered superconductors when disorder is absent. The prediction of a unique phase transition in the uniformly frustrated XY model with anisotropy is notably consistent with recent extensive Monte Carlo simulations. 15 It was also anticipated by various authors in studies of the layered XY model without perpendicular frustration.
21,22,27,28
The duality analysis mentioned above is also employed in the paper to map out the phase diagram of the layered XY model with uniform frustration. The weak-coupling limit at high perpendicular fields is found to contain a low-temperature phase made up of independent two-dimensional (2D) vortex lattices that sustain a Josephson effect. This phase is separated from a decoupled liquid of planar vortices at high temperatures by a second-order melting transition akin to that shown by an isolated 2D vortex lattice.
29−33
The existence of such a second-order melting transition is demonstrated by making note of a formal equivalence between the Coulomb gas descriptions of the layered XY model with and without frustration. 20, 34 Also, the former smectic 2D vortex-lattice phase is likely to be a type of "supersolid" matter (see sect. IV.C and ref. 13) . The above weak-coupling analysis is then shown to break down at sufficiently low perpendicular fields of order the dimensional cross-over scale B * ⊥ . It is argued that this breakdown signals a crossover transition to a flux-line lattice regime at low fields and temperatures, while that it signals a first-order decoupling transition to a potentially defective flux-line lattice state at low fields but high temperatures. It is further argued on this basis that the first-order decoupling transition terminates at a critical endpoint at a temperature of order the 2D vortex-lattice melting temperature and at a perpendicular field of order many times the dimensional cross-over scale B * ⊥ . The resulting phase diagram ( Fig. 1) is strikingly similar to those reported for the mixed phase of clean high-temperature superconductors.
2,3,5−7
The paper is organized in the following way. Section II contains the weak-coupling duality analysis of the uniformly frustrated XY model. The principal input is the nature of the phase coherence in isolated layers, which is assumed to be either quasi long range [Eq. (17) ] or short range [Eq. (18) ]. The output of the weak-coupling analysis is that the former implies the presence of a Josephson effect, whereas the latter implies its absence.
Equations (43) and (55) for the local Josephson coupling in the respective coupled and decoupled phases summarize these results. This theory is then used to determine the phase diagram of extremely type-II layered superconductors in perpendicular magnetic field in section III. The principal new result is the prediction of a coupled 2D vortex lattice phase at low temperatures and high fields that notably displays a Josephson plasma resonance with exponential temperature dependence [see Fig. 1 and Eq. (66)]. A comparison of these results with previous experimental and theoretical work is made in section IV, while some conclusions are reached in section V. Finally, technical issues that concern the long-range nature of phase correlations in the 2D XY model and that concern a fermion analogy employed to describe the Josephson coupling between layers are treated in Appendix A and B, respectively.
II. Theory
The thermodynamics in the interior of the mixed phase of extremely type-II superconductors (λ L → ∞) can be described at least qualitatively by the uniformly frustrated XY model over the cubic lattice. 14, 15, 24 In the case where the superconductor is composed of N Josephson coupled layers, the corresponding kinetic energy for the superfluid flow reads
Above, φ( r, l) is the superconducting phase at a point r in layer l, while
is the vector potential. Also, ∆ µ denotes the nearest-neighbor difference operator along theμ direction of the square lattice. The magnetic induction parallel and perpendicular to the layers is related to the frustration b through the respective identities B = (Φ 0 /2πd)b
Here the length scales d and a denote respectively the separation between adjacent layers and the lattice constant for each square-lattice layer.
The latter is of order the superconducting coherence length at zero temperature. Also,
2 is the local phase rigidity within layers, while J ⊥ /a 2 denotes the local Josephson coupling energy per unit area. It is important to observe that the Josephson penetration length at zero temperature, γ ′ 0 a, provides a natural scale for the XY model (1) in the limit of weak coupling between layers, in which case the model anisotropy
1/2 is much larger than unity. 4 This shall be assumed throughout.
Last, we remind the reader that any generalized phase auto-correlation function set by an integer source field, p(r), is related to the corresponding partition function
by the quotient 17, 18 exp i
A knowledge of these amplitudes characterizes the thermodynamics of the layered XY
model (1).
A. Layered Coulomb Gas. We shall now employ the well-known dual representation of the XY model (1) that is based on the Fourier series expansion 
expressed in terms of modified Bessel functions and the quotients t n (β) = I |n| (β)/I 0 (β).
Above, n µ (r) is an integer link-field on the layered lattice structure of points r = ( r, l), with µ =x,ŷ,ẑ, and β µ = J µ /k B T . Also, N denotes the total number of sites, while
gives the total number of rungs between layers. [The perpendicular link fields at the boundary layers are set to n z ( r, 0) = 0 = n z ( r, N )]. We now take the crucial step in the theory by observing that only the configurations with n z (r) = 0, ±1
are relevant in the weak-coupling limit, 35, 36 β ⊥ ≪ 1. After re summation over the parallel link fields n x and n y in Eq. (4), we then obtain the form
for the partition function of the 3D XY model in terms of sums of products over partition
for frustrated 2D XY layers in isolation, where
is the intra-layer superfluid kinetic energy, and where
is the source integer field. Above also, N [n z ] = r,l |n z ( r, l)| is the number of n z (fluxon) charges per configuration and y 0 = I 1 (β ⊥ )/I 0 (β ⊥ ) is the bare fugacity. The latter tends to
in the weak-coupling limit β ⊥ ≪ 1. By analogy with Eq. (3), we now identify the quotient
XY [0] with the generalized auto-correlation function
of the 2D XY model with frustration. 17, 18 Comparison with Eqs. (5) and (6) thus yields the form
for the partition function of the layered XY model in terms of a product of a layered
Coulomb gas ensemble
with N XY model layers in isolation (see ref. 27) . This is the final result of taking the selective high-temperature limit, y 0 → 0, which is assumed throughout.
Before proceeding further, we now derive a useful relation between the density of n z charges and the local Josephson coupling. Eq. (1) indicates that the latter is given by
where φ l,l+1 ( r) = φ( r, l+1)−φ( r, l)−A z ( r) is the gauge-invariant phase difference between consecutive layers. Yet the Coulomb-gas ensemble (12) yields the identity N [n z ] = y 0 (∂ ln Z CG [0]/∂y 0 ) for the total number of fluxons on average. By the factorization (11) for the layered XY model, we thereby obtain the general expression
for this quantity per rung in terms of the local Josephson coupling.
To demonstrate that (12) is indeed a layered Coulomb gas ensemble, consider now a single neutral pair of unit n z charges that lie in between layers l ′ and l ′ + 1 in the absence of an external source, p = 0, with the negative and positive charges located at planar sites r 1 and r 2 , respectively. This represents the first non-trivial term in the selective high-temperature expansion (12) . The gauge-invariant product over intra-layer autocorrelation functions in the layered Coulomb gas ensemble then reduces to the product r 2 ) of the corresponding two-point functions,
within isolated layers. This function takes the form
in terms of a suitably gauge-transformed vector potential A ′ , and in terms of a magnitude that varies with the separation as
and as
Here,
is the 2D correlation exponent inside layer l, where η sw = (2πβ ) −1 and η vx are the respective spin-wave and vortex contributions (see Appendix A). Also, ξ vx denotes the 2D phase correlation length, while the length r 0 = a vx /2 3/2 e γ E is set by the inter-vortex scale, 
in the limit of dilute fluxon (n z ) charges. Above, the Coulomb gas ensemble (12) has been coarse grained up to the natural ultra-violet scale a vx . In particular, the sums above are restricted to a square sublattice with lattice constant a vx . This requires the introduction of an effective coarse-grained fugacity
At relatively small separations, | r 1 − r 2 | ≪ ξ vx , within a 2D correlation length, the fluxons experience a pure (V Study of the asymptotic behavior exhibited by general n-point auto-correlation functions (10) for the 2D XY model reveals that the form (21) for the Coulomb gas ensemble (12) remains valid in the case of a general fluxon charge configuration, n z ( r, l) (see Appendix A). However, the preceding confining interaction exists only between those well separated points r 1 and r 2 in a given layer l that are connected by a string.
The coarse-graining (21) of the original Coulomb gas ensemble (12) assumes implicitly that there be no more that one n z = ±1 charge per unit sublattice area a 2 vx . This is equivalent to the condition
vx for the density of such fluxons. Comparison with expression (14) for this density then implies that the preceding condition is satisfied at temperatures and fields such that β ⊥ a 2 vx /a 2 < 1. The validity of the above coarse-grained Coulomb-gas ensemble (21) is hence assured at high perpendicular fields string = 0. Inter-layer n z charges in the Coulomb gas ensemble are screened at low temperatures, η 2D < 2. Global charge conservation is no longer enforced in this instance. Let us also assume the weak-coupling regime defined by the inequality y ≪ 1 to be satisfied by the effective fugacity (22) of the coarse-grained CG ensemble (21) . Following the standard prescription, 35, 36 we then sum independently over charge configurations at each site, with the restriction to values n z = 0, ±1. An appropriate Hubbard-Stratonovich transformation 24 of the CG (21) in the absence of a source (p = 0) followed by a Debye-Hückel type of approximation 35, 36 reveals that it is equal to the corresponding one
for a renormalized Lawrence-Doniach (LD) model 4 up to a factor that depends only on β . The LD energy functional
is summed over the coarse-grained sublattice. Here,
is the macroscopic phase rigidity of an isolated layer. 40 (The validity of the Debye-Hückel type approximation will be established a posteriori.) Taking the continuum limit of the lattice energy (24) yields the more familiar expression
for the energy functional of the LD model, with a renormalized Josephson penetration
expressed in terms of parameterβ =J /k B T . Substitution of the bare fugacity (9) that corresponds to the conventional XY model yields a more familiar expression
for the renormalized Josephson scale. The above continuum description (26) 
of a sine-Gordon soliton. 24 The condensation energy, on the other hand, is in general equal
At zero temperature and zero parallel field, this energy per vertical rung is thus given by
At the unbinding temperature k B T LE = 2πJ for Josephson vortex/anti-vortex pairs, 41, 42 on the other hand, the double-layer LD model can be analyzed exactly through a mapping to ideal spinless fermions (see Appendix B). The line-tension so obtained is given by the expression
where α 0 is the natural ultraviolet length scale of order the underlying lattice constant a vx for LD model (26) . This mapping can similarly be employed to obtain the expression
for the condensation energy at zero parallel field. Notice that both the line-tension and the 
where λ J is a renormalized Josephson penetration length that varies with temperature following
The exponent above takes the values 1, 2 and ∞ at the respective temperatures T = 0, T LE , and T * . This agrees with Eqs. (29), and (31) 
in zero parallel field, where h 0 is weakly temperature (η 2D ) dependent and of order unity.
Comparison with Eqs. (30) and (32), for example, yields the assignments h 0 (0) = 1 and h 0 (T LE ) = 4/π 2 for this prefactor. Since the Gibbs free energy of a double-layer is generally
given by the formula
in the limit of vanishingly small parallel field, B , we obtain the final result
for the condensation energy in such case. We shall now make use of this result in order to compute the local Josephson coupling (13). Since we have the identity
up to a factor independent of β ⊥ , the factorization (11) implies that
Substitution of the double-layer result (37) for the Gibbs free energy above yields the final
for the local Josephson coupling in the limit of small parallel fields, where
is the temperature dependent exponent that appears in Eq. (34), where Consider next the renormalized LD model (26) in the case of an infinite number of layers, N → ∞ . The zero-temperature condensation energy at B = 0 is clearly equal to that of the previous double-layer case (30) . In addition, mean-field treatments of the fermion analogy for the renormalized LD model indicate that the Gibbs free energy G cond at low parallel fields is in general given by the original energy functional (26), 42 but with a renormalized Josephson penetration length λ J (T ) > Λ 0 . In the continuum limit, we have for example
with the effective mass anisotropy parameter γ = λ J /d. The line-tension of a single parallel
Josephson vortex in the present case N → ∞ is then given my the known result
Here, the resulting logarithmically divergent integral (41) has been cut off by the London penetration length, λ L , which is taken to be the natural infrared scale. Also, the condensation energy in the absence of parallel field is then given by the zero-temperature result, Eq. (30), but with the bare Josephson scale Λ 0 replaced by λ J (T ). If we now assume that λ J (T ) has the same scaling form 44 as the analogous scale in the double-layer case, Eq.
(34), then a repetition of the previous steps yields an expression for the local Josephson coupling in the presence of a small parallel field of the form
Here r 0 = a vx /2 3/2 e γ E , Λ J is of order Λ 0 , and the prefactor
This result for the local Josephson coupling is corroborated by the observation that the second-term above coincides with the intra-layer auto-correlation function (17) which requires many such charges within a screening cloud: πλ
Study of the previous formulas in the double-layer case, Eqs. (14), (34) , and (39), yields the result π 2 (f 0 /g 0 )β for the former quantity. The Debye-Hückel type approximation is therefore valid at low temperatures k B T <J , which as we shall see in the next section contains the present coupled phase.
Last, we shall compute the perpendicular phase rigidity, ρ 
for the perpendicular stiffness in terms of a fluxon average over the dual ensemble (21) .
Yet the n z charges are screened in the coupled phase. Such short-range correlations among the fluxons suggests the approximation
z for the average that appears above. But since the fluxon charges are effectively restricted to take values n z = 0, ±1 in the selective high-temperature limit, y 0 → 0, we also have approximately that
Use of Eq. (14) thus yields the (mean-field) estimate
for the perpendicular phase rigidity of the uniformly frustrated layered XY model in the selective high-temperature limit of the coupled phase. Comparison with the previous results for the local Josephson coupling indicates that the perpendicular phase rigidity decreases with increasing temperature and field following the sum of the last two terms on the right-hand side of Eq. (43).
In conclusion, a macroscopic Josephson effect exists at low temperatures, η 2D < 2, in extremely type-II layered superconductors if isolated layers display quasi-long-range order (17) . Indeed, the analysis just completed demonstrates that this is the case even in the weak-coupling regime cos φ l,l+1 ≪ 1 of the coupled phase reached at high perpendicular
C. Decoupled Phase. Consider next the case (18) in which intra-layer correlations are short range: ξ vx < ∞. Although the coarse-grained form (21) of the Coulomb gas ensemble remains valid in this instance, a direct analysis starting from the original form for the ensemble defined by Eqs. (8) and (12) is more expeditious. Since the phase auto-correlation functions (3) of interest are those that probe inter-layer couplings, the associated source field shall be assumed to take the form
where n (0) z (r) is a fixed fluxon "charge impurity" field. Notice that the intra-layer sources (8) can then be simply re-expressed in terms of the net fluxon charge distribution
This image of fluxon charge impurities is useful in the calculation of inter-layer autocorrelators. In particular, Eqs. (3), (11) and (12) yield the identity
between the corresponding gauge-invariant quantity and the quotient of the modified partition function
with the unmodified one (12) in the absence of a source. We shall now apply this to the calculation of the local Josephson coupling e iφ l,l+1 , which corresponds to fixing a unit fluxon "charge impurity" at some point in between layers l and l + 1. In the selective high-temperature limit, y 0 → 0, the configurations that contribute to the numerator (50) of the quotient are limited to those with a net fluxon charge −N [n z ] = −1 in between layers l and l + 1 only. Likewise, the denominator Z CG [0] can be approximated by unity in such case. We thereby obtain Koshelev's formula 10,11
for the local Josephson coupling in the decoupled phase. Notice that short-range autocorrelations (18) yield a finite integral above, while quasi-long-range autocorrelations (17) yield a divergent integral for 2D correlation exponents that satisfy η 2D < 1. Last, Eq. (51) also implies that the first derivative ∂ e Equations (16), (49) and (50) therefore yield the expression
for this quantity to lowest order in the fugacity. Substitution of the Fourier representation
2 q e i q· R for the 2D δ-function above in addition to replacing the phase factor by unity then yields the inequality
where
is the Fourier transform of the intra-layer autocorrelator. The latter are assumed to be identical for each layer. [Equation (53) is an equality in the absence of field, B ⊥ = 0, or for n = 1.] The prefactor in brackets above (53) typically decays polynomially with n [see Eq. (56) below]. We then conclude that the inter-layer autocorrelator e iφ l,l+n decays at least exponentially with n in the weak-coupling limit y 0 → 0. This implies that the macroscopic phase rigidity, ρ ⊥ s , in the direction perpendicular to the layers is null in the decoupled phase. Notice that such a null result is consistent with expression (44) and with the fluxon charge neutrality that is characteristic of the decoupled phase.
To get a more concrete idea of the results just obtained in the selective high-temperature limit, y 0 → 0, for the decoupled phase, we shall now assume the form (16) and (18) correlations (18) . We thereby obtain the inequality
for the autocorrelator in between n + 1 layers in the weak-coupling limit of the decoupled phase.
III. Mixed Phase
We shall now employ the theory developed in the preceding section for a finite number N of Josephson-coupled XY layers (1) with uniform frustration 14, 15, 24 to determine the thermodynamic nature of the mixed phase in an extremely type-II layered superconductor.
The Josephson energy will be assumed to follow the temperature dependence J ⊥ ∝ T c0 −T in the vicinity of the mean-field critical temperature, 45 T c0 , while the anisotropy parameter
1/2 will be assumed to be a constant that is large compared to unity.
A. Phase Boundaries. Consider first the limit of weak local Josephson coupling, cos φ l,l+1 → 0. Comparison with the results (43) and (55) indicates that this limit coincides with the regime of high temperatures and high fields, T ≫ T J = J ⊥ /k B and
. It is well known that an isolated lattice of 2D vortices (6) melts at a temperature
above which quasi long-range positional correlation is lost.
29−31
The transition is driven by the unbinding of dislocation pairs and it is second-order. 
In the decoupled phase at high temperatures outside of the 2D critical region (ξ vx ∼ a vx ), on the other hand, the result (55) for the local Josephson coupling indicates that the decoupling contour lies at a perpendicular field
that decreases monotonically with temperature as 1/T . A similar result for the decoupling transition is obtained using the elastic medium description. 
Notice that the prefactor on the right-hand side above is of order the high-temperature approximation (55) for the local Josephson coupling. Since both the approximate (55) and the true value for cos φ l,l+1 are of order unity 11, 46 along the decoupling contour (59) at temperatures outside of the 2D critical regime, Eq. (62) then indicates that the fluxon pairs begin to overlap (r s ∼ ξ vx ) in such case. The dipoles disassociate, however, once they overlap due to the ineffectiveness of the string (18) . The system must therefore eventually experience a (inverted) phase transition into a screened CG above a critical coupling cos φ l,l+1 D less than but of order unity. 11, 46 Also, the phase transition must be first-order since there is no diverging length scale nearby (ξ vx ∼ a vx ). 48 This is consistent with elastic medium descriptions of the vortex lattice in layered superconductors, 9 which also predict a first-order decoupling transition at a perpendicular field H D of order (61).
Last, continuity with the second-order melting/decoupling transition that takes place at higher fields implies that this first-order decoupling line must end where the former line begins. We therefore predict a critical endpoint at temperatures and fields of order T (2D) m and many times B * ⊥ , respectively.
Finally, the layered XY model (1) shows a second-order phase transition in the absence of frustration at a relatively large critical temperature k B T c ∼ J in comparison to the 2D melting temperature (57). 34 The above first-order decoupling line must therefore end in the vicinity of this zero-field critical point as temperature increases. Also, the previous duality analysis can be repeated in its entirety for the zero-field case, where the replacement a vx → a must be made globally. 20 Eqs. (43) and (55) 
the mean-field perpendicular upper-critical field, and where γ 2 ∼ cos φ l,l+1
is an effective anisotropy parameter. The selective high-temperature expansion (55) 
Eq. (61) implies that it is of order −∆ cos φ l,l+1 k B . Last, it is perhaps useful to point out that a jump
in the number of inter-layer fluxons per rung at the first-order decoupling transition is implied by the relation (14) .
Apart from playing an important role in the determination of the phase diagram discussed above, the local Josephson coupling between layers can also be directly probed through c-axis Josephson plasma resonance (JPR) experiments. Theory dictates that the plasma frequency is given by ω pl = ω 0 cos φ l,l+1 1/2 , where ω 0 is its zero-field value.
10,11,46
The local Josephson coupling is given by Eq. (55) (21) is not coarse grained. In particular, the replacement a vx → a must be made globally. This yields a field-independent result for the local Josephson coupling (13) . No first-order phase transition is therefore expected.
A second-order decoupling transition, however, remains at a critical temperature T c that should lie within the dimensional crossover window T (2D) c < T < T × (see ref. 34) . By the previous arguments, its universality class should pass from that of the 2D XY model without frustration to that of the 3D one in the thermodynamic limit of an infinite number of layers. A schematic phase diagram that summarizes the above results is shown in Fig.   2 .
It must be emphasized that the above results are obtained under the assumption of optimum correlated pinning, which may not be realizable at all temperatures and fields.
Indeed, an isolated 2D vortex lattice within the XY model is pinned only at low temperatures T < T (2D) dp inside of the quasi-ordered phase below the 2D melting temperature
29,30
The 2D depinning temperature, T (2D) dp , is null in the zero-field limit, and it increases linearly with increasing field. This depinning line, furthermore, merges with the
at a field of order Φ 0 /36a 2 . Since the focus of this paper is the mixed phase of type-II superconductors, which effectively have no substrate potential, we shall defer the analysis of intra-layer intrinsic pinning effects in the XY model (1) to future work.
IV. Discussion
Below, we shall compare the results obtained in the previous sections for the thermodynamics of the mixed phase in extremely type-II layered superconductors with numerical simulations of the frustrated XY model, with relevant experimental work on high-temperature superconductors, and with the flux-line entanglement ideas developed by Nelson 52 and co-workers.
13
A. Numerical Simulations. Let us first review the Monte Carlo simulation results that have been obtained recently for the uniformly frustrated XY model on an isolated square lattice. 29 Both these and simulations of the associated lattice Coulomb gas 30 find a vortexlattice melting transition at a temperature (57) that is independent of field, in accord with theoretical expectations. 31 They also find, however, that pinning due to the square-lattice grid at commensurate flux densities can only be neglected at large inter-vortex scales
(See the discussion at the end of section III.D.) Monte Carlo simulations of the layered XY model (1) have also been performed. 14 The most extensive simulations find evidence for a single first-order phase transition that coincides with the decoupling contour (59).
15
The results reported in ref. 11, for example, yield a value for cos φ l,l+1 D near 1/2. These simulations find no evidence for a critical endpoint where the first-order transition terminates with decreasing temperature, however, contrary to the theoretical results obtained
here (see Fig. 1 ).
The cause for the above discrepancy may have two sources. First, the coarse-grained Coulomb-gas ensemble (21) The critical endpoint for the vortex-lattice melting line observed in clean high-temperature superconductors also coincides with a multi-critical point. In particular, the flux-line lattice frees itself from pins through thermal fluctuations across a vertical line in the T − H ⊥ plane that extends up from the critical endpoint. 5, 6 The combination of surface barriers plus the second-order vortex-lattice melting transition at T = T m that is obtained here theoretically for extremely type-II layered superconductors could account for this effect (see Fig. 1 and ref. 1) .
A so-called second peak line also extends horizontally to lower temperatures in the T − H ⊥ plane from the critical endpoint in clean high-temperature superconductors. 
V. Concluding Remarks
A schematic phase diagram ( Fig. 1) for the mixed phase of extremely type-II layered superconductors has been proposed on the basis of a weak-coupling duality analysis of the layered XY model with uniform frustration (1). The artificial pinning effects that arise from the 2D model grid in each layer were effectively removed by a coarse-graining (21) of the resulting dual Coulomb gas description (12) . We notably predict that a smectic 
1−3
Notably absent in this theory are effects due to magnetic screening 54 and to disorder caused by point pins. 55 Both of these effects are present to some degree in the mixed phase of all high-temperature superconductors. Madrid, where part of this work was completed, and to Nestor Parga and Charles Creffield for discussions. He is also indebted to Lev Bulaevskii for pressing him to compute the "cosine".
Appendix A: Villain Model
The duality analysis for the conventional XY model presented in section II can be repeated in its entirety for the case the XY model in the Villain form:
In the weak-coupling limit, β ⊥ → 0, partial resummation of the type outlined at the beginning of section II.A yields the factorized form
for the partition function in terms of the corresponding 2D partition functions
and the Coulomb gas ensemble (12) . In contrast with the case of the conventional XY model, the fugacity is now equal to
while the 2D auto-correlation functions (10) are set by the quotients
Repeating the derivation of the renormalized LD model (26) 
results in a renormalized
Josephson penetration length (27) that displays an artificial temperature dependence acquired from the fugacity (A4). Also, Koshelev's formula (51) vortices. The latter is in accord with general scaling considerations. 37 The separate spinwave and vortex components of η 2D are given by
and by
respectively, where δQ l ( r) = Q l ( r) − Q 0 ( r) is the deviation of the intra-layer vorticity Q l ( r) at the dual site r in layer l with respect to the flux-line lattice, Q 0 ( r), that threads each and every layer at zero temperature. (Surface barriers are assumed.) The result (A8) is obtained through a cummulant expansion of the dipole pairs so indicated over a 2D Coulomb gas (vx) with a uniform background charge density Q l /a 2 = b ⊥ /2πa and a temperature of η sw . Last, the prefactor in expression (A6) is of order
The upper bound γ ′ 0 < e 2πβ on the anisotropy parameter guarantees that g 0 be of order unity for perpendicular fields B ⊥ > B * ⊥ . The methods used to compute the above two-point function (A6) in the ordered phase can be extended to compute the asymptotic form of any general n-point autocorrelation function (10) . One thereby obtains the result
where n + (l) denotes the number of positive (or negative) probe charges applied to layer l.
Notice that this expression is equal to the product of two factors, each corresponding to the spin-wave and to the vortex components of the 2D correlation exponent η 2D . The vortex factor in the generalized auto-correlation function (10) With respect to the evaluation of the 2D auto-correlation function in the disordered phase at high temperatures, it is more useful to study the original dual form (A3) for the corresponding partition function, Z
V ( r 1 , r 2 ). The image of a string with its ends tied to the points r 1 and r 2 at a low dual temperature β indicates the form 
Appendix B: Fermion Analogy
We shall now determine the thermodynamic character of the renormalized LD model [Eqs. (25) - (27) ] in parallel magnetic field B l,l+1 = (Φ 0 /2πd)b l,l+1 in between layers l and l + 1. This model is defined by the energy functional
of the real phase variable θ l ( r). It is known to be equivalent to coupled chains of spinless fermions at zero temperature, where each chain corresponds to a layer. 41, 42 (Previous analogies for layered superconductors in parallel field employed fermions that live in between consecutive layers. 56,57 ) Specifically, the Hamiltonian for the fermion model is divided into intra-chain and inter-chain pieces, H = H + H ⊥ , with respectively
and 
The identifications 
In the absence of parallel field, b 1,2 , the hole band (−) is filled and the particle band (+) is empty. Since the pseudo-charge sector is independent of the coupling between chains, U ⊥ , the groundstate energy density relative to the decoupled state, U ⊥ = 0, is therefore equal to
(The logarithmically divergent contribution above that is equal to L At arbitrary number of layers and at arbitrary temperatures, the fermion analogy can be treated in the mean-field approximation defined by the charge-density wave (CDW) order parameter χ l (x) = Ψ † R (x, l)Ψ L (x, l) and the associated gap equation 42 ∆ l = U χ l + U ⊥ (χ l+1 + χ l−1 ). Standard self-consistent calculation yields a single-particle gap
for all chains l that are not at a boundary (l = 1 or N ), and for couplings that satisfy U ⊥ > U /2. Here, α 1 is the ultraviolet cut-off for the mean-field theory, which is of order α 0 . At temperatures T > T * 0 = 4πJ /k B (or U > 0), we have a null single-particle gap ∆ l at small couplings U ⊥ < U /2 within mean field. Given the mean-field excitation spectrum
1/2 for the fermionic excitations in chain l, the groundstate energy density relative to the decoupled state, U ⊥ = 0, is then equal to
By Eq. (B4), the condensation energy per vertical rung is equal to
for temperatures T > T * 0 in the vicinity of the decoupling transition. Eq. (B14) indicates that this quantity vanishes exponentially at the decoupling temperature T * that is set by the relationship U = 2U ⊥ .
42,58
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